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Abstract 
The domains of the Stirling numbers of both kinds are extended from N* to Z*. These 
extensions lead to Laurent series, ‘special branches’, and interesting formulas (including the 
‘Stirling Duality Law’). @ 1998 Elsevier Science B.V. All rights reserved 
AMS classification: 33A70; 41A58; 05AlO 
1. Introduction 
The Stirling numbers which were introduced by James Stirling in 1730 (in his 
‘Methodus Differentialis’) have interesting properties as well as ‘nice’ applications. 
A variety of references appear at the end of this paper. 
Knuth [9, pp. 41&422] has uncovered some surprising facts re the history of and 
symbols for the Stirling numbers. Many different symbols have represented them - 
including ‘the most natural and useful’ that we will be using. 
If xck) = k!(i), we say that Sf is a Stirling number of the jirst kind if 
m 
X(k) = c sfxj 
j=O 
and that sf is a Stirling number of the second kind if 
(la> 
Xk = 2,$,(j). 
j=O 
(lb) 
Since the joint use of these definitions yields 
the Stirling numbers of the first and second kinds are ‘inverses’ of each other. 
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Other basic properties which follow directly from the definitions include: 
s; = St = 8kiJ (ld) 
and 
Sj = 4 = 0 when j > k, 
as well as the recurrences 
W 
,!+I = S! - k&Sk 3+1 J J+l 6) 
and 
$1: =$+(j+l)$+,. 
The above definitions can also be used to show that 
(s) 
I&‘;[ is the number of permutations of k symbols that have exactly j (disjoint) 
cycles, 
and 
j!$ is the number of smjective functions from a k-set to a j-set. 
In the above discussion we have implicitly assumed that j and k are non-negative 
integers - and hence it is natural to ask whether j and k can have other values. The 
purpose of this paper is to create and investigate extensions of the Stirling numbers in 
which j and k are any integers. According to Knuth [9, p. 4121 each of the Stirling 
numbers can be extended in only one way. We will show that this conclusion is far 
from true! 
2. Extending S,! 
If we extend recurrence (S) by allowing j and k to be any integers [and designate 
this extension by (S* )], we can obtain a simple result for Sf when j G - 1, k > 0. 
Theorem 2.1. S! m = 0 when m21, kp0. 
Proof. By writing (S* ) in the form 
&#_i = s!+’ + k&S! 1)1 my 
we can obtain the desired result with the aid of (Id) and an inductive argument. •i 
We can also use (S*) to obtain values for SJ:” when j is any integer and n 3 1 by 
assigning values to S;* for any given integer g and all n > 1. The collection of these 
extensions will be designated by SN( 1) - and each extension will be called ‘a brunch 
of SN(l)‘. We note that each of these branches is determined by the values of S;” 
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(or any other ‘negative column’) and shall let 
$ (or 3) represent a branch of SN( 1) 
and 
8; represent the values common to all branches 
when j and k are integers. 
If there exists a function F&C) such that 
F&C) = 2 $Xj when k is an integer, 
j=-_m 
we shall say that L$ (or s) is a (generated) branch of SN(l). 
Since F&X) = 1 and 
@a) 
Fk(x) = 2 (s,“:; - (k - l)$-‘)xj = (x - k + l)Fk--l(x), 
we have 
n-l Fl,l(X) n--L 
F,(x) = n - = 
I=0 Fdx) n (x - 0 I=0 
(when k = n>l) and 
F-n(x) = n n IQ(x) = fJx + q-1 
l = 1  F-r+1b) I=1 
(when k = -n< - 1). 
By introducing the symbols 
r(a) G 1 and x(l+k) G (x _ k)X(k) (2b) 
when k is any integer, we can combine the above results into a single formula. 
Theorem 2.2. Zf $ is a generated branch of SN( 1 ), then 
P) 
is a formal equality for each integer k. 
We can also use (2b) to establish the following converse. 
Theorem 2.3. rf xck) = Cz_ W+ j 
W,! is a generated branch if E%(:). 
x is a formal equality for each integer k, then 
The formal equality in (2~) is a true equality when k is a non-negative inte- 
ger (by (la) and Theorem 2.1). If k is a negative integer, the formal equality will 
212 R Scurr, G. Olive I Discrete Mathematics 189 (1998) 209-219 
be a true equality iff the series is convergent, 
chosen. 
3. Two special branches of SN(l) 
If n is a positive integer, then (2b) yields 
*C-n) = fi(I +x)-i = fi(x + 1)’ 
I=1 I=1 
and, hence, 
.(-~)=~~(l+~)-‘=x-“~(l+~) 
. I=1 I=1 
The last two formulas together with 
i.e., if a ‘judicious 
-1 
branch’ is 
@a) 
W) 
1 -= 
1+u c 
(-1)‘U” iff (~1 < 1 
130 
and Theorem 2.3 will now be used to obtain two special branches of SN(1). 
(3c) 
Definition 3.1. If n > 1, then 3 and L? are defined by 
(a) CC(+) = Ci,o~lInxj when 1x1 < 1 and 
(b) J-n) = xj,n S$-i when 1x1 > n. 
Hence, i and ,$ are generated branches of SN( 1) which are called the Taylor and 
principal branches, respectively (for ‘obvious’ reasons). 
The above definition provides us with 
&“=O when j < 0, n>l (3d) 
and 
,_?I; = 0 when j < n, n > 1. 
We will now develop formulas for our two special branches. 
(3e) 
Theorem 3.2. Zf j is any integer and n 2 1, then 
where * represents [kl> 0, cb, k, = j] 
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Proof. Definition 3.1(a), (3b), and (3~) yield 
j30 I=1 ki20 
=x$!$C xjI[iI-_kr, 
j>O ’ * I=1 
when 1x1 < 1 and hence we have (3f) when j>O. If j < 0, then (3f) follows from 
(3d). 0 
Theorem 3.3. If j is any integer and n 9 1, then 
S;T = (-l)j-nCfJlkl, 
* I=1 
where * represents [kj >O, x7=, kl = j - n] 
(3g) 
Proof. Definition 3.1(b), (3b), and (3~) yield 
c j$-j = X-n 
j>n 
fi C(-l)k’ (f)*l 
I=1 k, 30 
= 
c 
x-i(_l)j-n 
cn 
’ lkl, 
j>n * I=1 
when 1x1 > n> 1, and hence we have (3g) when j>n. If j < n, then (3g) follows 
from (3e). 0 
The above two theorems provide fringe benefits including 
g,“= A when n>l 
and 
$1: = 1 when nal. 
4. Branches of Type T 
W) 
Pi) 
We have seen that XC-~) generates both the Taylor and principal branches of SN( 1) 
when the corresponding values of x are ‘properly’ selected. Our next objective is to 
obtain all branches of SN( 1) that are generated by (convergent) Laurent expansions of 
.(-n). 
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If n >, 1, then (3a) yields the partial fraction decomposition 
-J-n) = ” AI(~) c _ 
I=, (x + 0 
in which 
(4a) 
(n - l)!A!(n) = (-1)/-l (;I;). (4b) 
We can now express Awn) as a (convergent) Laurent series by first writing (4a) as 
T 
J-n) = c l=1 .(l‘Y& +& l(lA::L)v (4c) 
[where (T = 0) or (T = co) or (I’ is a positive integer)] and then using (3~) to expand 
each term. Since the indicated procedure (to be designated [(4c), (3c)]) provides all 
(convergent) Laurent series of x (-+) about x = 0, Theorem 2.3 can be used to show 
that the following definition identifies all branches of SN(l) which are generated by 
these expansions. 
Definition 4.1. $7” is a branch of Type T (,!?y” = SJ?[T]) if it is generated by [(4c), 
(3c)l. 
We can obtain formulas for SJ:“[T] by noting that (4~) yields 
For then [(4c), (3c)] provides 
S,rn[T] = (-l)‘-’ kA,(n)l+ when j< - 1, 
l=I 
and 
S,:“[T] = (-1)’ 2 A,(n)l-j-’ when j B 0. 
l-T+1 
We will now introduce the symbols 
ST(n) E x : d-“) = 
and 
to help display the regions of convergence of ~,~_oo S,T”[TJxj. 
(44 
(44 
(40 
(9 
(4h) 
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The following theorem provides the desired regions. 
Theorem4.2. (a)Sr={X: O<]x] < 1) ifiT= 
(b) Sr = 0 ifl T = 00 
(c) ST = {x : T < 1x1 < T + 1) 18 T is a positive integer. 
Proof. If n 2 1, then (3~) and Definition 3.1 yield 
and 
(49 
and, hence, 
So(n) = {x:O<IXI < 1) 
and 
S,(n) = {x: 1x1 > n}. 
Therefore, we have the ‘if parts of both (a) and (b). When T is a positive integer, 
all n of the Laurent expansions for the sums in (4~) converge 
iff T < 1x1 < T + 1 when n > T 
and 
if T -c 1x1 when n<T, 
and hence we have the ‘if’ part of (c). Since the ‘if’ parts of (a)-(c) provide an 
injective function onto the set of all Sr, its inverse can be used to establish the ‘only 
if’ parts, and hence the proof is now complete. 0 
We note that (4j) [together with (4e) and (3g)] yields 
fJ-l)lf” (1> 1” = n! 
I=1 
(W 
(when IZ > 1) as well as many less well-known identities. Other results can be obtained 
with the aid of (4i) [together with (4f) and (3f)]. 
5. Extending s- 
Our development of the extended Stirling numbers of the first kind will serve as a 
guide for extending A$. 
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If we extend recurrence (s) by allowing j and k to be any integers [and designate 
this extension by (s*)], then 4 will be determined when j < - 1, k > - 1. 
Theorem 5.1. Zf m 2 1 and k 2 0, then 
(a) &, = 0, (b) ST: = (m - l)! 
Proof. By writing (s*) in the form 
8 -m-, = Sk_+,’ + ms!,, 
we can obtain (a) with the aid of (Id) and an inductive argument. Since 
ST:_, = Em + ms$, 
and s!!~ = 6,0 [by (a) and (Id)], an inductive argument yields (b). 0 
We can also use (s* ) to obtain values for sj” when either (j 2 0, 12 > 1) or 
(j < - 1, n 2 2) by assigning values to s;” ‘when g is fixed. The collection of these 
extensions will be designated by SN(2) - and each extension will be called ‘a branch 
of SN(2)‘. We note that each of these branches is determined by the values of so” (or 
any other ‘negative column’) and shall let 
5; (or i) represent a branch of SN(2) 
and 
$ represent the values common to all branches when j and k are integers. 
If there exists a function G&) such that 
G/&C) = 2 +zci) when k is an integer, 
j=-00 
(5a) 
we shall say that $ (or f) is a (generated) branch of SN(2). Since Go(x) = 1 and 
Go = 2 ($1; + j.$-' )x0’) = xG~_~(x), 
j=-m 
we have 
(when k = n> 1) and 
G-n(x) = n ‘--l G-r-l(x) = __n 
t=o G-t(x) ’ ’ 
(when k = -n< - 1). 
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The above results provide the following. 
Theorem 5.2. If ij is a generated branch of SN(2), then 
cc 
c s+ -&I) = Xk J 
j=-m 
(5b) 
is a formal equality for each integer k. 
We can now establish the following converse with the aid of (2b). 
Theorem 5.3. If 
M 
nk = c Wk .o’) J (5c) 
j=-_03 
is a formal equality for each integer k, then wf is a generated branch of SN(2). 
The formal equality in (5b) is a true equality when k is a non-negative integer [by 
(lb) and Theorem 51(a)]. If k is a negative integer, the formal equality will be a true 
equality iff the series is convergent, i.e. (c.f. end of Section 2) if a ‘judicious branch’ 
is chosen. 
6. The principal branch of SN(2) 
The previous section is almost a mirror image of Section 2, and hence it is natural 
to expect the parallel development to continue. 
In order to use a generating series to define the ‘natural companion’ of L?, we need 
to expand x-” in an appropriate way [so that Theorem 5.3 can be applied]. But there 
is no ‘obvious’ way of achieving this, and hence we are forced to use another device. 
Definition 6.1. $ is the branch of SN(2) in which 
sTn = 0 for all n > 1 (ha) 
and will be called the principal branch of SN(2). 
The above definition will help us to obtain the following ‘well-known’ duality 
law (which motivated the extensions in [9, p. 4121 that were mentioned at the end 
of Section 1). 
Theorem 6.2 (Stirling duality law). Zf j and k are any integers, then 
$ = (--l)j+kjI’, (6b) 
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Proof. After letting (JR) E Z2 and 
H+ = (_ 1 )‘+k$I’ 
J k, 
we can show that 
H;=H,O=& 
and 
Hence, Hj = $ and therefore we have (6b). 0 
The Gamma and Beta functions can now help us to show that the principal branch 
of SN(2) is ‘judicious’. 
Theorem 6.3. Zf n 2 1 and Re(x) > 0, then 
00 
c 
syv .(-i) = 
J c 
sky $-i) = x-n 
J 
j=-00 j*n 
and hence Z is a generated branch of SN(2). 
Proof (using the method which appears in [9, p. 4191). 
Let n>l. 
The first equality follows from (6b), (le), and (3e). 
If Re(x) > 0, the Gamma function [l, p. 2551 provides 
I 
00 
n!x --n-l = eexrt” dt 
0 
= 
I 
l(1 - u)“-I[-log(1 - U)]“dU 
0 
when e-’ = 1 - U. 
Since 
(6~) 
(W 
(W 
[-log(1 -u)l” =n!cKy; whenlu] < 1 
j3n * 
[by [7, p. 3371, (le) and (6b)], (6e) together with the Beta function formula [I, p. 2581 
and the Gamma recurrence [l, p. 2561 yield 
c 
T(x+ 1) = 
j*n 
“y&+j+ 1) = c W-j) 
j>n 
when Re(x) > 0. The proof can now be completed by using Theorem 5.3. ??
R Scurr, G. OiivelDbcrete Mathematics 189 (1998) 209-219 219 
We now have some results which may sound contradictory. For example, 
(1) s” and L? are ‘essentially’ the same [by (6b)] and 
(2) s” and L? are ‘inverses’ of each other [by Theorem 6.3 and Definition 3.1(b)]. 
The above theorem can help to provide other fringe benefits including 
~j-l (x:-i)-’ =x-l when Re(x) > 0 (60 
[using Theorem 5.1(b) 1. 
7. Conclusions 
We have constructed many different generated branches of SN( 1) - but only one 
generated branch of SN(2). Hence, the reader may ask, 
‘Is 5 the only generated branch of SN(2)?’ 
A negative answer should encourage us to search for more ‘nice’ results. An aihrmative 
answer would help to bring our investigation to an end. 
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